This paper discusses a generalized model for compact stars, assumed to be anisotropic in nature due to the spherical symmetry and high density. After embedding the four-dimensional spacetime in a five-dimensional flat spacetime, which may be treated as an alternative to Karmarkar's condition of embedding class 1 spacetime, the Einstein field equations were solved by employing a class of physically acceptable metric functions proposed by Lake [1]. The physical properties determined include the anisotropic factor showing that the anisotropy is zero at the center and maximal at the surface. Other boundary conditions yielded the values of various parameters needed for rendering the numerous plots and also led to the EOS parameters. It was further determined that the usual energy conditions are satisfied and that the compact structures are stable, based on several criteria, starting Preprint submitted to journal March 9, 2018 with the TOV equation. The calculation of the effective gravitational mass shows that the models satisfy the Buchdahl condition. Finally, the values of the numerous constants and physical parameters were determined specifically for the strange star LMCX-4. It is shown that the present generalized model can justify most off the compact stars including white dwarfs and ultra dense compact stars for a suitable tuning of the parametric values of n.
Introduction
In the course of many years embedding theorems have remained a topic of interest among theoretical physicists and mathematicians. Using this theory one may connect the classical general theory of relativity to the higherdimensional manifolds and thereby explain the internal symmetry groups characteristic of particles. Using Campbell's theorem [2] , Tavakol and his group [3, 4, 5] have connected different manifolds having a difference of one dimension with a ladder, and in the lower end the 4D Einstein equations are embedded in a 5D Ricci-flat spacetime. This provides the algebraic justifications for the induced-matter theory and membrane theory [6, 7] . It is worth mentioning that 5 dimensions for particles play a role as the low energy limit of certain higher-dimensional theories such as 10D super symmetry, 11D supper gravity and higher D-dimensional string theory and the idea is widely accepted as the simple extension of spacetime, not space-time or space time.
If n + m is the lowest number of the flat space in which n-dimensional Riemannian space is embedded, then the latter is referred to as class m. It is well known that the interior Schwarzschild solution and the Friedmann universes are of class one, whereas the exterior Schwarzschild solution is a Riemannian metric of class two. Collinson [8, 9] showed 6-dimensional embeddings of the plane-fronted waves and proposed a vacuum spacetime of class two. Whereas Szekeres [10] denied the presence of the vacuum spacetime of class one, he showed that the de Sitter cosmological models are the only class one Einstein spaces. He also showed that for the Friedmann cosmologies, the perfect-fluid flows of class one have vanishing pressure and are hyper surface orthogonal. When the gravitational and electromagnetic fields are null, Einstein-Maxwell fields are of class one.
In the present article we have assumed a general spherically symmetric metric of class two and with a suitable choice of a coordinate system we have reduced this metric to class one. Using this spherically symmetric metric of class one, we have produced a generalized model for any compact star by applying the formalism previously presented by Maurya and his collaborators [11, 12, 13, 14, 15, 16, 17, 18] . As a special note we like to mention that for the study of different compact stars we have not considered any specific equation of state (EOS) parameter. We find that EOS parameters vary from case to case for the different compact stars. Following the works of many scientists [19, 26, 21, 22, 23, 24, 25] one may obtain some detailed ideas on the anisotropic features of the highly dense spherically symmetric stellar models. In this article we assume our system to be a highly dense spherically symmetric fluid sphere and that the pressure is anisotropic in nature. In support of our assumption we want to mention the proposal of Ruderman [26] who predicted that some types of nuclear matter having a high density (> 10 14 gm/cm 3 ), exhibit an anisotropic nature and interact in the relativistic realm. The basic reasons for arising anisotropy inside compact stars may be the presence of superfluids, the existence of mixtures of different types of fluids, rotation, the presence of any form of external or magnetic fields and phase transition, etc. This paper has been organized as following: in Sec. 2 the procedure for the reduction of the general spherically symmetric metric of class two into class one is shown. In Sec. 3 and Sec. 4 the basic Einstein field equations and their solutions are shown, respectively. The boundary conditions and different physical properties of the stellar model are studied in Sec. 5 and Sect 6. The major results of this paper are summarized in the concluding Sec. 7.
Spherical symmetric metric and class one condition for the metric
To describe the interior of a static and spherically symmetric object, the line element in Schwarzschild coordinates (x a ) = (t, r, θ, φ) can be written as (in natural units, G = c = 1)
where λ and ν are functions of the radial coordinate r.
We now show that the above metric (1) of class two can be reduced to class one and then embedded in the 5-dimensional flat metric
We start with the following:
. Then the differentials of the above components are
where the prime denotes differentiation with respect to the radial coordinate r.
Then the expressions for [− (dz
On inserting the Eq. (8) and Eq. (9) into the metric (2), we get
So metric (10) represents metric (1) if
Thus we have embedded the 4-dimensional spacetime in the flat metric of a 5-dimensional spacetime, thereby reducing the class two metric to class one.
Basic field equations
To describe a spherically symmetric anisotropic fluid system, we use the general energy-momentum tensor
with u µ u ν = −η µ η ν = 1 , where the vector u µ is the fluid 4-velocity of the local rest frame and η µ is the unit space-like vector; these are orthogonal to each other, i.e., u µ η ν = 0. Here ρ, p r and p t are the matter density, radial and tangential pressure, respectively, corresponding to the anisotropic fluid.
The Einstein field equations for the metric (1) can be written as
General solutions of the class one metric
To solve the Einstein field equations of the proposed class one metric (10), we have chosen the following monotone increasing function of r that is free from a singularity at the center:
where A and B are constants and n ≤ −3. This choice is based on the discussion by Lake [1] , who showed that a single monotone function can generate all regular spherically symmetric perfect-fluid solutions of the Einstein field equations. Using a form that satisfies the criteria in Ref. [1] ensures that our choice of e ν is physically relevant. The reasons for the choice of n ≤ −3 are the following: i) for n = 0 the space time becomes flat; ii) for n = −1 and -2 we are not getting a physically valid solution and causality condition is also not maintained in this case.
One may find as n → −∞, e ν takes the form
where C = −nA (constant). Now substituting the expression for e ν from Eq. (16) into Eq. (11), we get
where we suppose that D = n 2 ABK. Tables 1-3 which are provided later part of the article and also will hereafter be used for all the other figures.
The expressions for the energy density, radial pressure and tangential pressure can be determined by inserting the expressions for e ν and e λ from Eqs. (16) and (17) into Eqs. (13) (14) (15) yielding
From Eqs. (19) and (20), the anisotropy factor, ∆ = p t − p r , is given by One may find from Fig. 4 that the anisotropy is zero at the center and a maximum at the surface, which is the same as the proposal of Deb et al. [39] ; for all anisotropic compact stars, the anisotropy should be maximal at the surface. The respective masses and radii of the strange star LMCX-4 are given in Table 1 . To plot the graphs, values of A, B, K, and C were determined for different values of n. These values are also listed in Table 2 .
Boundary conditions
The following boundary conditions must be satisfied for any physically acceptable anisotropic solution:
(i)
The interior of metric (10) for the anisotropic matter distribution should be matched at the boundary [r = R of the star] with the exterior Schwarzschild metric, given by
where M is a constant representing the total mass of the compact star.
(ii)
The radial pressure p r must be finite and positive inside the stars, singularity free at the centre r = 0, and it should vanish at the boundary r = R of the star [27] .
The radial pressure at the boundary p r (R) = 0 is
The condition e ν(R) = e −λ(R) gives the value of the constant B as
The mass M of the star is determined by using the condition e −λ(R) = 1 − 2M R and is given by
Denoting the density of stars at the surface by ρ s , the value of the constant A is given by
6. physical properties of the anisotropic solution 6.1. Regularity at the center (i) The metric potentials at the center (r = 0) are: e ν(0) = B and e −λ(0) = 1; this shows that metric potentials are finite and singularity free at the center (r = 0). The behavior can be seen inside the star in Fig. 1 .
(ii) Radial pressure at the center:
, tangential pressure at the center:
. Since p r and p t are positive and finite at the center (Fig. 2) , this implies that
(iii) Matter density at the center:
Since the matter density is positive at the center (Fig. 3) and A is also positive, we have
(iv) For physically acceptable models, the pressure should be dominated by the matter density throughout the interior of the star, i.e., ω r = p r /ρ < 1 and ω t = p t /ρ < 1. This gives
Hence the conditions (ii), (iii) and (iv) will be valid simultaneously only with the choice of negative values of n, and this will yield a positive value for D. Using Eqs. (27)- (29), we get the inequality
where n < 0. Tables 1 and 2 show that D maintains this inequality. From our model we find the radial (ω r ) and tangential (ω t ) EOS parameters as
The behavior of ω r and ω t can be seen from Fig. 5 . From Fig. 5 , it can be observed that the pressures p r and p t are dominated by the density throughout the star since the functions ω r and ω t lie between 0 and 1. Also, we can see from this figure that both functions ω r and ω t are monotonically decreasing with increasing r. This implies that the temperature of the anisotropic compact star models decreases outward from the center.
Energy condition
The anisotropic stellar configuration will satisfy the usual energy conditions; the null energy condition (NEC), the weak energy condition (WEC) and the strong energy condition (SEC) if the following inequalities are met for all the stellar models: From Fig. 6 one may observe that all the energy conditions are met for the proposed anisotropic stellar model.
Stability of the models 6.3.1. Stability under three different forces
Tolman [28] and Oppenheimer and Volkoff [29] predicted that for a stable stellar fluid sphere the sum of the forces, viz. gravitational force (F g ), hydrostatics force (F h ) and anisotropic force (F a ) must be zero for the system to be in equilibrium, i.e.,
Following the works of Varela et al. [30] and Ponce de León [31] , we use a generalized form of the Tolman-Oppenheimer-Volkoff (TOV) equation for our system, given by
where M G (r) is the gravitational mass of the stellar configuration. Now we have from the Tolman-Whittaker formula [32] and the Einstein field equations M G (r) the form Now from Eqs. (37) and (38) we have
where the three terms in Eq. (39) represents three forces F g , F h and F a , respectively. For our system the explicit forms of the forces are
where 
Herrera cracking concept
To test the stability of the system, we also study the 'cracking concept' of Herrera's [33] , which predicts that for the stability of the stellar configuration, the following conditions need to be valid for the system: i) Condition of causality: inside the stellar configuration the square of the radial (v 2 r ) and tangential (v 2 t ) must lie within the limit 0 to 1, so that the velocity of sound could not exceed the velocity of light, thereby maintaining the physical validity of the system. ii) No cracking: Herrera [33] and Abreu et al. [34] predicted that for a stable region the square of the radial sound speed should be greater than the square of the tangential sound speed throughout the region and must maintain the inequality |v
For our system, the square of the sound velocities take the following forms:
where Figure 7 : Variation of the different forces with respect to the fractional radius r/R for LM C X − 4. From Figs. 8 and 9 it is clear that both of the conditions, (i) the condition of causality and (ii) the no cracking condition, are satisfied within the anisotropic spherically symmetric stellar model.
Adiabatic index
Heintzmann and Hillebrandt [35] predicted that for a stable isotropic stellar configuration, it is required that the adiabatic index, γ, should be greater than 4/3 inside the stellar system. For our system the radial adiabatic index (Γ r ) and the tangential adiabatic index (Γ t ) are, repectively, From Fig. 10 it is clear that the stellar system is stable under the condition that Γ r and Γ t are greater than 4/3 for the different values of n.
Effective mass and compactness parameters
Buchdahl [36] proposed that for a spherically symmetric static stellar configuration the ratio of the maximum allowed mass to the radius is 4/9, usually stated as 2M/R ≤ 8/9, which was later proposed by Mak and Harko [37] in the more generalized form.
For our model the effective gravitational mass takes the form
Defining the compactification factor, u(R) at r = R as
we find that the surface redshift (Z s ) of the system is
The behavior of the compactification factor and redshift function with respect to the radial coordinate r is shown in Fig. 11 . One may predict from this figure that our model satisfies the Buchdahl condition [36] well. 
Discussion and Conclusion
This paper discusses a generalized model for compact stars by starting with a general spherically symmetric metric of class two and reducing it to a class one metric via a suitable choice of coordinates. Based on previous studies, it is assumed that the highly dense spherically symmetric fluid sphere is anisotropic in nature.
After embedding the 4-dimensional spacetime in a 5d flat spacetime, the Einstein field equations are solved by employing the physically relevant metric function e ν = B (1 − Ar 2 ) n , based on the analysis in Ref. [1] . The class one metric now leads to the determination of the metric function e λ . The computation of ρ, p r , and p t then yields the anisotropic factor ∆ = p t − p r , as well as the EOS parameters ω r and ω t . This is followed by a detailed analysis of the boundary conditions that need to be satisfied by any physically acceptable anisotropic solution. In particular, for our anisotropic system the anisotropy is zero at the center and maximum at the surface as predicted by Deb et al. [39] . Values of various parameters were also determined from the boundary conditions.
Other physical properties of the anisotropic solution are the regularity at the center and, equally important, the various energy conditions, all of which were shown to be satisfied.
A thorough stability analysis was performed for all the compact models by means of the TOV equation, as well as the cracking concept due to Herrera [33] , the latter depending on the square of the velocity of sound. The subsequent determination of the adiabatic index confirmed that the structures are stable. A final topic is a discussion of the effective gravitational mass in terms of the compactification factor and the surface redshift. It was also shown that our model satisfies the Buchdahl condition.
One may find an interesting insight of our model that it is consistent with any compact stars like white dwarf or ultra dense compact stars. The generalized model is valid for any negative value of n. However, lower limit of n for the white dwarf is −3 and for the ultra dense compact stars is −23.
Using the boundary conditions, the physical parameters needed for plotting were determined for various values of n for the strange star LMCX − 4 and summarized in Tables 1 and 2 . We find that high values of central density and central pressure of LMCX − 4 confirms that it is a probable candidate of strange star (see Table 2 ). Also we find the value of central density of the order 10 6 gm/cm 3 and the central pressure of the order 10 23 dyne/cm 2 for the white dwarf Sirius B (see Table 3 ) match well with the predicted result by Anchordoqui [41] . Thus our generalized model is appropriate to study any compact stellar configuration. 
